Classification of holomorphic spheres of constant curvature in complex Grassmann manifold G2,5  by Jiao, Xiaoxiang & Peng, Jiagui
Available online at www.sciencedirect.comR
Differential Geometry and its Applications 20 (2004) 267–277
www.elsevier.com/locate/difgeo
Classification of holomorphic spheres of constant curvature in
complex Grassmann manifold G2,5 ✩
Xiaoxiang Jiao ∗, Jiagui Peng
Department of Mathematics, Graduate School, Chinese Academy of Sciences, Beijing 100039, China
Received 6 December 2002; received in revised form 30 January 2003
Communicated by D.V. Alekseevsky
Abstract
In this paper, we classify all nonsingular holomorphic spheres in complex Grassmann manifolds G2,5 with the
induced constant curvatures K = 4, 2, 4/3,1 and 4/5 into some classes, up to unitary equivalence, in which none
of the spheres are congruent; At the same time we also prove that there does not exist the nonsingular holomorphic
sphere in G2,5 with constant curvature 2/3.
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1. Introduction
It is well-known that the rigidity of holomorphic curves in complex Grassmann manifolds Gα,n (α  2)
fails if we assume only that they have the same first fundamental form. Thus it is very important to study
the classification of holomorphic curves in complex Grassmann manifolds with constant curvature. In
this paper, we will investigate the classification of holomorphic spheres in complex Grassmann manifolds
G2,5 with constant curvature.
When α = 1, Gα,n is the complex projective space CPα−1. Calabi proved that a linearly full
holomorphic curve in complex projective space is determined, up to rigid motion, by its first fundamental
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curve [1,2]. Griffiths showed Calabi’s result by theory of Lie group and moving frames [6].
But when α  2, the holomorphic curve in Gα,n cannot be determined by its first fundamental
form, up to rigid motion. In [4] Chi and Zheng studied the rigidity of pseudo-holomorphic curves of
constant curvature in complex Grassmann manifolds. They showed that Gauss curvature K of pseudo-
holomorphic curves in Gα,n is equal to 4/N (N is a natural number) if K is constant. At the same
time they also classified the holomorphic curves from two-spheres into G2,4 with the induced constant
curvature 2 into two classes, up to unitary equivalence, in which none of the curves are congruent. This
result shows that there exist many classes of holomorphic curves, in which the curves have the same
curvature and are not unitarily equivalent, in complex Grassmann manifolds.
Let ϕ : S2 → G2,5 be a holomorphic curve, i.e., a Hermitian orthogonal projection from S2 × C5 onto
the 2-dimensional subbundle Im(ϕ) ⊂ S2 × C5. Let z be the coordinate system on S2 \ {∞}, and let f (z)
and g(z) be two holomorphic sections of S2 \ {∞} × C5 such that Im(ϕ) = span{f (z), g(z)}. We denote
ϕ by ϕ = Π{f (z), g(z)} for convenience.
Let ϕ˜ : S2 → G2,5 be another holomorphic curve, ϕ˜ = Π{f˜ (z), g˜(z)}. If there exist the matrix
U ∈ U(5) and the 2 × 2 invertible matrix M such that
(
f˜ (z)
g˜(z)
)
= M
(
f (z)
g(z)
)
U,
we say that f˜ (z) and g˜(z) are unitarily equivalent to f (z) and g(z), i.e., ϕ˜ is unitarily equivalent to ϕ.
We denote this unitary equivalence by
(
f˜ (z)
g˜(z)
) ∼ ( f (z)
g(z)
) (or ϕ˜ ∼ ϕ). Multiplying the left side of ( f (z)
g(z)
)
by M is the linear combination of f (z) and g(z), and multiplying the right side of
( f (z)
g(z)
)
by U is the
U-transformation.
We denote the degree of the polynomial function f (z) by d(f ), and let z = 1/w. Set f (z) =
h(w)/wd(f), we define f (∞) = f (z)|z=∞ = h(w)|w=0 = h(0). If f˜ (∞) ∧ g˜(∞) = 0 for all two
holomorphic sections f˜ (z) and g˜(z), which are unitarily equivalent to f (z) and g(z), we say that ϕ
has singularity on S2 or singularity at infinity. Otherwise, we call that ϕ is nonsingular. In this paper we
always assume that the holomorphic curves of constant curvature have not singularity on S2.
The second section is preliminaries. In the third section, we will use the Plücker imbedding [7,8]
[f (z) ∧ g(z)] : S2 → CP9 and Calabi’s results to obtain that the curvature K(ϕ) of ϕ = Π{f (z), g(z)}
is equal to 4/k (1  k  9), and f (z) = (1,0, a(z), b(z), c(z)) and g(z) = (0,1, r(z), s(z), t (z)), up to
unitary equivalence, where a(z), b(z), c(z), r(z), s(z), t (z) are polynomials in z with degree  k.
In the fourth section, we will construct some linear combinations of f (z) and g(z) and some U-
transformations (or unitary equivalence) to reduce polynomials a(z), b(z), c(z), r(z), s(z), t (z) to
monomials in z for k = 1, . . . ,5. Then, by solving the equation |f (z) ∧ g(z)|2 = (1 + zz¯)k we get
classification of nonsingular holomorphic curves ϕ in G2,5 with constant curvature 4/k for k = 1, . . . ,5
(Theorem 4.2).
Finally, we investigate nonsingular holomorphic curves ϕ in G2,5 with constant curvature 2/3 (k = 6),
and prove that there does not exist nonsingular holomorphic curve ϕ in G2,5 with constant curvature 2/3
(Theorem 5.2).
We believe that there does not exist the nonsingular holomorphic curves of constant curvature K = 4/k
in G2,5 for k = 7,8,9.
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Let Gα,n be the complex Grassmann manifold consists of all α-dimensional complex subspaces in
complex vector space Cn. We consider Gα,n as the set of all Hermitian orthogonal projections from Cn
onto α-dimensional complex subspaces. Here Cn is endowed with the Hermitian inner product 〈. , .〉
defined by
〈x, y〉 = x1y¯1 + · · · + xny¯n,
where x = (x1, . . . , xn), y = (y1, . . . , yn) are elements of Cn.
Set ϕ ∈ Gα,n, then 2ϕ − I ∈ U(n). We take the bi-invariant metric ds2U(n) = 18 trωω∗ on U(n), then the
standard metric on Gα,n induced by 2ϕ − I is given by
ds2Gα,n =
1
2
tr dϕ dϕ,
where ω is the Maurer–Cartan form on U(n), ∗ means conjugate transpose of a matrix.
Let ϕ : S2 → Gα,n be a smooth map, then it is a Hermitian orthogonal projection from S2 × Cn onto a
α-dimensional subbundle. Let (z, z¯) be the complex coordinate system on S2\{pt}. Then the metric on
S2 induced by ϕ is given by
(1)ds2 = 1
2
tr ∂ϕ ∂ϕ dz dz + tr ∂ϕ ∂¯ϕ dz dz¯ + 1
2
tr ∂¯ϕ ∂¯ϕ dz¯ dz¯,
where ∂ = ∂
∂z
, ∂¯ = ∂
∂z¯
.
A curve ϕ : S2 → Gα,n is called holomorphic if ϕ satisfies (I − ϕ)∂¯ϕ = 0. A curve ϕ is called non-
degenerate (see [3,6]) if rank((I − ϕ)∂ϕ) = α. If ϕ is holomorphic, then
(2)ds2 = tr ∂ϕ ∂¯ϕ dz dz¯.
If ϕ is a holomorphic curve with constant curvature K(ϕ), then we may choose a complex coordinate
system z on S2\{∞} such that the metric induced by ϕ is given by ds2 = 4
K(1+zz¯)2 dz dz¯.
Let α = 2 and Im(ϕ) = span{f,g}, then a straightforward computation shows that ϕ is given by
(3)ϕ(z, z¯) = |g|
2f ∗f + |f |2g∗g − 〈f,g〉f ∗g − 〈g,f 〉g∗f
|f |2|g|2 − 〈f,g〉〈g,f 〉 .
We denote (3) by ϕ = Π{f,g}. If ϕ is holomorphic, then there exist the holomorphic sections f and g,
i.e., ∂¯f = 0 and ∂¯g = 0, on S2\{∞} such that ϕ = Π{f,g}.
Let α = 1 and Im(ϕ) = span{f }, then G1,n is a complex projective space CPn−1, and ϕ is given by
ϕ = f ∗f/|f |2 : S2 → CPn−1.
The holomorphic curve ϕ = f ∗k fk/|fk|2 : S2 → CPk is the Veronese curve if fk(z) is given by
(4)fk(z) =
(
1,
√(
k
1
)
z, . . . ,
√(
k
k − 1
)
zk−1, zk
)
,
with metric ds2 = k
(1+zz¯)2 dz dz¯ and Gauss curvature K(ϕ) = 4/k.
A curve ϕ : S2 → CPk is linearly full (see [1,5]) if it is not contained in any hyperplane of CPk . We
need the following result
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up to rigid motion.
3. Holomorphic curves with constant curvatures
In this section, we will discuss holomorphic curves with constant curvature in G2,5. Let f =∑ni xiEi
and g =∑ni yiEi be two vectors in Cn, f ∧ g is given by
(5)f ∧ g =
∑
i<j
(xiyj − xjyi)Ei ∧ Ej ∈ C( n2 ),
where E1, . . . ,En are the canonical orthogonal basis.
Let ϕ : S2 → G2,5 be a holomorphic curve, and let f (z) and g(z) be two holomorphic sections such
that ϕ = Π{f (z), g(z)}. Plücker imbedding [7,8]
(6)[F ] = [f (z)∧ g(z)] : S2 → CP9
is a nowhere zero holomorphic curve. This is a holomorphic isometry, i.e.,
(7)[F ]∗ ds2CP9 = ϕ∗ ds2G2,5 = tr ∂ϕ ∂¯ϕ dz dz¯.
Then ϕ and [F ] have the same curvature, i.e., K(ϕ) = K([F ]). Now assume that the curvature K(ϕ) is
constant, then K(ϕ) = 4/k and k  9.
Set(
f (z)
g(z)
)
=
(
1, 0, a(z), b(z), c(z)
0, 1, r(z), s(z), t (z)
)
.
By Lemma 2.1, there exists the unitary matrix U ∈ U(10) such that
(8)f (z)∧ g(z) = f˜k(z)U,
where f˜k(z) = (fk(z),0), fk(z) is the Veronese curve in CPk (k  9). It follows from (8) that
|f (z) ∧ g(z)|2 = (1 + zz¯)k , and a(z), b(z), c(z), r(z), s(z) and t (z) are polynomials in z with degree
 k, i.e.,
a(z) = a1z + · · · + akzk, b(z) = b1z + · · · + bkzk, c(z) = c1z + · · · + ckzk,
r(z) = r1z + · · · + rkzk, s(z) = s1z + · · · + skzk, t (z) = t1z + · · · + tkzk.
By (8), a(z)s(z) − r(z)b(z), a(z)t (z)− r(z)c(z) and b(z)t (z)− c(z)s(z) are also polynomials in z with
degree  k, then
(ak, bk, ck) = λ1(rk, sk, tk), (ak−1, bk−1) = λ2(rk−1, sk−1).
Hence, there exist the U(3)-transformation I2 ×U3 and the U(2)-transformation I2 ×U2 × I1 so that
(ak, bk, ck)U3 = (0,0, c˜k), (ak−1, bk−1)U2 = (0, b˜k−1),
and f (z) and g(z) are unitarily equivalent to
(9)
(
1, 0, a1z + · · · + ak−2zk−2, b1z + · · · + bk−1zk−1, c1z + · · · + ckzk
0, 1, r1z + · · · + rk−2zk−2, s1z + · · · + sk−1zk−1, t1z + · · · + tkzk
)
,
where I2 and I1 are the 2 × 2 and 1 × 1 unit matrix respectively, U3 ∈ U(3) and U2 ∈ U(2).
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and we always denote the element of unitary group U(i) by Ui and the i × i unit matrix by Ii ,
i = 1,2, . . . . We will show that a(z), b(z), c(z), r(z), s(z) and t (z) are reduced to monomials in z
by using U-transformations and linear combinations of f (z) and g(z) for k = 1, . . . ,6, and we will give
classification of ϕ for k = 1, . . . ,5.
4. Classification of holomorphic spheres with constant curvature 4,2,4/3,1 and 4/5
At first, we have
Proposition 4.1. Let ϕ = Π{f (z), g(z)} : S2 → G2,5 be a holomorphic curve with constant curvature
4/k. If ϕ is nonsingular, then, up to unitary equivalence, f (z) and g(z) are given by
(a) If k = 1, then(
f (z)
g(z)
)
=
(
1, 0, 0, 0, 0
0, 1, 0, 0, Az
)
,
where A > 0.
(b) If k = 2, then(
f (z)
g(z)
)
=
(
1, 0, 0, 0, Az
0, 1, 0, Bz, Cz + Dz2
)
,
where CD = 0.
(c) If k = 3, then
(i) (
f (z)
g(z)
)
=
(
1, 0, Az + Bz2, Cz + Dz2, Ez2
0, 1, 0, Fz, 0
)
,
where A, B , C, D, E and F satisfy EF 
= 0, AB = 0 and CD = 0.
(ii) (
f (z)
g(z)
)
=
(
1, 0, Az, Bz2, Cz3
0, 1, 0, 0, 0
)
.
(d) If k = 4, then
(i) (
f (z)
g(z)
)
=
(
1, 0, Az + Bz2, Cz + Dz2, Ez3
0, 1, 0, Fz, Gz
)
,
where CG = 0, AB = 0, DG = 0 and CD = 0.
(ii) (
f (z)
g(z)
)
=
(
1, 0, Az, Cz + Dz2, Dz2
0, 1, Ez, Fz2, 0
)
,
where BC = 0 and ABE = 0.
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(i) (
f (z)
g(z)
)
=
(
1, 0, Az2 + Bz3, Cz + Dz2 +Ez3, Fz4
0, 1, 0, Gz, 0
)
,
where AB = CD = CE = DE = 0.
(ii) (
f (z)
g(z)
)
=
(
1, 0, Az2, Bz3, 0
0, 1, Cz, Dz, Ez2
)
,
where D 
= 0 and AC = 0.
(iii) (
f (z)
g(z)
)
=
(
1, 0, Az + Bz2, Dz3, Ez2
0, 1, Fz, Gz2, Hz2
)
,
where AB = 0, GE = 0, F(AGD + BHE) = 0.
Proof. We only prove cases k = 2 and k = 5, other cases can be proved by using the same method.
When k = 2, by (9) f (z) and g(z) are unitarily equivalent to
(10)
(
1, 0, 0, b1z, c1z + c2z2
0, 1, 0, s1z, t1z + t2z2
)
,
and f (z) and g(z) satisfy the equation f (z)∧ g(z) = f˜2(z)U .
From (8) we obtain b1t2 − c2s1 = 0. Without loss of generality, we assume that t2 
= 0. Set b1s1 = c2t2 = λ,
f˜ (z) = f (z)− λg(z) and g˜(z) = g(z)+ λ1+λ2 f˜ (z), i.e.,
(11)
(
f (z)
g(z)
)
∼
(
f˜ (z)
g˜(z)
)
=
(
1, −λ, 0, 0, c˜1z
λ
1+λ2 ,
1
1+λ2 , 0, s˜1z, t˜1z + t˜2z2
)
.
Apparently,
( 1, −λ
λ/(1+λ2), 1/(1+λ2)
)
is unitarily equivalent to
( 1, 0
0, 1
)
. Hence, up to a U(2)-transformation U2×I3,(
f (z)
g(z)
)
=
(
1, 0, 0, 0, c˜1z
0, 1, 0, s˜1z, t˜1z + t˜2z2
)
.
It is not difficult to check t˜1t2 = 0 in (11) by |f (z)∧ g(z)|2 = (1 + zz¯)2.
Thus, (b) is proved.
When k = 5, by (9) we have
(12)
(
f (z)
g(z)
)
∼
(
1, 0, a1z + a2z2 + a3z3, b1z + · · · + b4z4, c1z + · · · + c5z5
0, 1, r1z + r2z2 + r3z3, s1z + · · · + s4z4, t1z + · · · + t5z5
)
and f (z) and g(z) satisfy the equation f (z)∧ g(z) = f˜5(z)U .
(I) When at least one of c5 and t5 in (12) is not equal to zero, it is not difficult to prove that this case is
impossible since ϕ is nonsingular.
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(13)
(
f (z)
g(z)
)
∼
(
1, 0, a1z + a2z2 + a3z3, b1z + · · · + b4z4, c1z + · · · + c4z4
0, 1, r1z + r2z2, s1z + · · · + s3z3, t1z + · · · + t3z3
)
.
Choosing the U(2)-transformation I3 ×U2 such that (b4, c4)U2 = (0, c˜4) and (13) becomes
(14)
(
f (z)
g(z)
)
∼
(
1, 0, a1z + · · · + a3z3, b1z + · · · + b3z3, c1z + · · · + c4z4
0, 1, r1z + r2z2, s1z + · · · + s3z3, t1z + · · · + t3z3
)
.
(II1) If c4 
= 0 in (14), then we have s3 = 0, c1 = 0, i.e.,
(15)
(
f (z)
g(z)
)
∼
(
1, 0, a1z + a2z2 + a3z3, b1z + · · · + b3z3, c2z2 + · · · + c4z4
0, 1, r1z + r2z2, s1z + s2z2, t1z + · · · + t3z3
)
.
We claim that t3 = 0. Otherwise, if t3 
= 0, ϕ has singularity at infinity for (15). Hence, from (15) and
|f (z)∧ g(z)|2 = (1 + zz¯)5 it follows that r2 = s2 = t2 = 0 and
(16)
(
f (z)
g(z)
)
∼
(
1, 0, a1z + a2z2 + a3z3, b1z + · · · + b3z3, c2z2 + · · · + c4z4
0, 1, r1z, s1z, t1z
)
.
Choosing the U(2)-transformation I2 ×U2 × I1 such that (r1, s1)U2 = (0, s˜1) and (16) becomes
(17)
(
f (z)
g(z)
)
∼
(
1, 0, a1z + a2z2 + a3z3, b1z + · · · + b3z3, c2z2 + · · · + c4z4
0, 1, 0, s1z, t1z
)
.
Then we have
(18)s1 
= 0, b1t1 = 0, b2t1 − c2s1 = 0, b3t1 − c3s1 = 0.
If t1 
= 0 in (17), then b1 = 0. So a1a3 = 0.
We claim that a3 = 0 in (18). Otherwise, if a3 
= 0, then a1 = 0. It is very easy to see that a2 = b2 =
c2 = c3 = 0. Then (17) becomes(
f (z)
g(z)
)
∼
(
1, 0, a3z3, b3z3, c4z4
0, 1, 0, s1z, t1z
)
.
This is in contradiction with (8). Thus we have proved that a3 = 0 in (17) and (17) becomes
(19)
(
f (z)
g(z)
)
∼
(
1, 0, a1z + a2z2, b2z2 + b3z3, c2z2 + c3z3 + c4z4
0, 1, 0, s1z, t1z
)
.
From (18) and (19) we have c2 = c3 = b2 = b3 = 0, a1a2 = 0. By an immediate computation we check
that f (z) and g(z) in (19) do not satisfy |f (z) ∧ g(z)|2 = (1 + zz¯)5. Hence, t1 = 0 in (17). Thus by (18)
it follows that c2 = c3 = 0, and (17) becomes
(20)
(
f (z)
g(z)
)
∼
(
1, 0, a1z + a2z2 + a3z3, b1z + b2z2 + b3z3, c4z4
0, 1, 0, s1z, 0
)
.
By |f (z)∧ g(z)|2 = (1 + zz¯)5 we obtain that a1 = 0 and
(21)a2a3 = 0, b1b2 = 0, b2b3 = 0, b1b3 = 0.
These show that f (z) and g(z) consist of monomials in z.
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I2 ×U2 × I1 such that (0, s3, t3)U3 = (0,0, t˜3) and
(a3, b3, c3)U3
(
U2 0
0 1
)
= (0, b˜3, c˜3).
Thus (14) becomes
(22)
(
f (z)
g(z)
)
∼
(
1, 0, a1z + a2z2, b1z + b2z2 + b3z3, c1z + c2z2 + c3z3
0, 1, r1z + r2z2, s1z + s2z2, t1z + t2z2 + t3z3
)
.
Similarly (11),
(23)
(
f (z)
g(z)
)
∼
(
1, 0, a1z + a2z2, b1z + b2z2 + b3z3, c1z + c2z2 + c3z3
0, 1, r1z, s1z + s2z2, t1z + t2z2 + t3z3
)
.
Apparently b3t3 = 0. We will discuss (23) in two cases below.
(II21) If b3 
= 0 in (23), then we have t3 = 0.
By b1t1 − c1s1 = 0, up to a U(2)-transformation I3 ×U2, (23) becomes
(24)
(
f (z)
g(z)
)
∼
(
1, 0, a1z + a2z2, b1z + b2z2 + b3z3, c2z2 + c3z3
0, 1, r1z, s1z + s2z2, t2z2
)
.
Then we have
(25)b1b3 = 0, b1t2 − s1c2 = 0, a1s1 − b1r1 = 0,
i.e.,
(26)b1 = 0, s1c2 = 0, a1s1 = 0.
Assume that s1 
= 0 in (24). Then a1 = c2 = 0, and (24) becomes
(27)
(
f (z)
g(z)
)
∼
(
1, 0, a2z2, b2z2 + b3z3, c3z3
0, 1, r1z, s1z + s2z2, t2z2
)
.
By |f (z)∧ g(z)|2 = (1 + zz¯)5 and (27) we obtain
a2r1 = s2 = c3 = b2 = 0.
So (27) becomes
(28)
(
f (z)
g(z)
)
∼
(
1, 0, a2z2, b3z3, 0
0, 1, r1z, s1z, t2z2
)
,
where s1 
= 0.
Assume that s1 = 0 in (24). Then we have
(29)
(
f (z)
g(z)
)
∼
(
1, 0, a1z + a2z2, b2z2 + b3z3, c2z2 + c3z3
0, 1, r1z, s2z2, t2z2
)
.
We choose the U(2)-transformation I3 ×U2 such that (b3, c3)U2 = (b˜3,0). Hence (29) becomes
(30)
(
f (z)
g(z)
)
∼
(
1, 0, a1z + a2z2, b2z2 + b3z3, c2z2
0, 1, r1z, s2z2, t2z2
)
.
Apparently, b2 = 0, a1a2 = s2c2 = 0 and r1(a1s2b3 + a2t2c2) = 0 in (30).
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f (z)
g(z)
)
∼
(
1, 0, a1z + a2z2, b1z + b2z2, c1z + c2z2 + c3z3
0, 1, r1z, s1z + s2z2, t1z + t2z2
)
.
This case is the same as the case b3 
=0, up to unitary equivalence, in (23).
By (20), (28) and (30) we summarize to obtain (e). 
We solve the equation |f (z) ∧ g(z)|2 = (1 + zz¯)k by Proposition 4.1 to obtain the following
classification of holomorphic curves of constant curvature 4/k in G2,5 for k = 1,2,3,4,5.
Theorem 4.2. Let ϕ : S2 → G2,5 be a holomorphic curve with constant curvature 4/k. If ϕ is nonsingular,
then, up to unitary equivalence, ϕ = Π{f (z), g(z)} is classified into some classes, in which none of the
curves are congruent, as follows,
(a) If k = 1, then f (z) = (1, 0, 0, 0, 0), g(z) = (0, 1, 0, 0, z).
(b) If k = 2, then
(i) f (z) = (1, 0, 0, 0, 0), g(z) = (0, 1, 0, √2z, z2).
(ii) f (z) = (1, 0, 0, 0, z), g(z) = (0, 1, 0, z, 0).
(c) If k = 3, then
(i) f (z) = (1, 0, α√3 − α2z, α−1(α2 − 1)√α2 − 1z, αz2), g(z) = (0, 1, 0, α−1z, 0), where
1 α 
√
3.
(ii) f (z) = (1, 0, αz, 0, √α4 − 3α2 + 3z2), g(z) = (0, 1, 0, 1√
α4−3α2+3
z,
√
(2−α2)3
α4−3α2+3z), where
0 α 
√
2.
(iii) f (z) = (1, 0, √3z, √3z2, z3), g(z) = (0, 1, 0, 0, 0).
(d) If k = 4, then
(i) f (z) = (1, 0, 2(√2 − 1)z, 2
√
2
√
2 − 2z, (√2 − 1)z2), g(z) = (0, 1, 0, (√2 + 1)z2, 0).
(ii) f (z) = (1, 0, 2z, 2z2, z2), g(z) = (0, 1, 0, z2, 0).
(iii) f (z) = (1, 0, 0, 2√1 − α2z, α−1z2), g(z) = (0, 1, 2αz, αz2, 0), where α > 0 and satisfies
the equation 4α3 + α2 − 2α − 1 = 0.
(iv) f (z) = (1, 0,
√
15
2 z,
9
4z
2, 2z3), g(z) = (0, 1, 0, 12z, 0).
(v) f (z) = (1, 0,
√
15
4 z
2, 94z
2, 12z
3), g(z) = (0, 1, 0, 2z, 0).
(e) If k = 5, then
(i) f (z) = (1, 0,
√
5 − 5
α2
z, αz3,
√
10 − 1
α2
z2), g(z) = (0, 1,
√
5
α
z, 0, 1
α
e
√−1θ z2), where
√
5 
α 
√
5 − 2 3√10 + 3√100 and θ satisfies the equation
cos θ = α
6 − 10α4 + 55α2 − 10
10
√
α2 − 1√10α2 − 1 , 0 θ 
π
2
.
(ii) f (z) = (1, 0, αz2, e√−1θ√10z3, 0), g(z) = (0, 1, √5z,
√
99
10 − α2z2, 1√10z2), where√
5 + 2 3√10 − 3√100 α √5 and θ satisfies the equation
cos θ = 45 + 10α
2 − α4
10
√
2α
√
99
10 − α2
, 0 θ  π
2
.
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When k = 6, by (9) we have(
f (z)
g(z)
)
∼
(
1, 0, a1z + · · · + a4z4, b1z + · · · + b5z5, c1z + · · · + c6z6
0, 1, r1z + · · · + r4z4, s1z + · · · + s5z5, t1z + · · · + t6z6
)
,
and f (z) and g(z) satisfy the equation f (z)∧ g(z) = f˜6(z)U .
Similarly Proposition 4.1 or case k = 5, we have
Proposition 5.1. Let ϕ = Π{f (z), g(z)} : S2 → G2,5 be a holomorphic curve with constant curvature
2/3. If ϕ is nonsingular, then, up to unitary equivalence, f (z) and g(z) are given by
(i) (
f (z)
g(z)
)
=
(
1, 0, Az +Bz2 + Cz3, Ez4, Fz4
0, 1, Gz, Hz2, 0
)
,
where AB = BC = AC = 0.
(ii) (
f (z)
g(z)
)
=
(
1, 0, Az3, Bz4, 0
0, 1, 0, Cz, Dz2
)
.
(iii) (
f (z)
g(z)
)
=
(
1, 0, Az3, 0, Bz4
0, 1, Cz, Dz2, 0
)
.
(iv) (
f (z)
g(z)
)
=
(
1, 0, Az +Bz2, Cz2 +Dz3, Ez4
0, 1, Fz, Gz2, 0
)
,
where AB = 0 and CD = 0.
(v) (
f (z)
g(z)
)
=
(
1, 0, Az2, Bz2 + Cz3, Dz3
0, 1, Ez, Fz2 +Gz3, Hz3
)
,
where BG = 0, BC + FG = 0, BH − FD = 0, EDH + (AF − EC)G = 0.
From Proposition 5.1 we have
Theorem 5.2. There does not exist the nonsingular holomorphic sphere with constant curvature 2/3
in G2,5.
Proof. This is a consequence of an immediate computation. f (z) and g(z) do not satisfy the equation
|f (z)∧ g(z)|2 = (1 + zz¯)6 for all cases in Proposition 5.1. 
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constant curvature 2/3 in G2,5, for example, ϕ = Π{f (z), g(z)} is given by
f (z) = (1, 0, √6z2, 4z3, 3z4), g(z) = (0, 1, √6z, 3z2, 2z3).
This is a straightforward computation:
(1 + zz¯)2
2z
f1 =
(−6z¯2, 6z¯(zz¯− 1), √6(1 + zz¯(zz¯ − 4)), −6z(zz¯− 1), 6z),
(1 + zz¯)2g1 =
(−6z¯2, 6z¯(zz¯− 1), √6(1 + zz¯(zz¯− 4)), −6z(zz¯− 1), 6z),
where f1 = (I − ϕ)(∂f ) and g1 = (I − ϕ)(∂g).
Obviously, rank(∂ϕ) = 1, ϕ has singularity at infinity.
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